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1
As it is known, the Lorentz and CPT symmetries are violated [1–3] when we add the four-
dimensional gravitational Chern-Simons term, in the weak (linearized) gravity case, looking like
Lb = 14bλhµνǫαµλρ∂ρ(∂γ∂γhαν − ∂ν∂γhγα), to the Einstein-Hilbert Lagrangian [4–7]. This term has
been shown to arise as a quantum correction in a theory describing coupling of gravity to fermions
[5–7], and recently, it has been shown [7] that this term displays the ambiguity, similar to that one
of the Carroll-Field-Jackiw term LCFJ = 12bµǫµνλρFνλAρ [8–10].
In this work we have interested in extending the generation of the gravitational Chern-Simons
term to the finite temperature case. The main motivation for this study is the interest to the
anomalies in the curved spacetime, initially inspired by [11], where the triangle anomaly of the
gauge field has been studied in the curved spacetime at the finite temperature. In fact, here we
meet the appearance of new non-dissipative energy transport phenomena, observed in relativistic
hydrodynamics [12], given by ~Jǫ = σ~ω, where ~Jǫ is the energy current, σ is the transport coefficient
(conductivity), and ~ω is a vector or pseudo-vector inducing the transport. In this scenario, an
important study has been carried out in [13], where the emergence of the energy current ~Jǫ as a
consequence of mixed gauge and gravitational fields, in a Weyl semimetal system, was claimed as
a manifestation of the axial magnetic effect (AME), with ωi =
1
2ǫijk∂jAk being the axial magnetic
field and σ = σAME the temperature-dependent conductivity. Thus, the aim we pursue in this
paper is the calculation of another temperature-dependent contribution for the same energy current,
due only to the gravitational fields, through the chiral vortical effect (CVE) [14, 15], where now
ωi =
1
2ǫijk∂jh0k is generated by the metric fluctuation hµν .
Our starting point is the fermionic action (see f.e. [5]) given by
Sψ =
∫
d4x e
(
i
2
eµaψ¯γ
a
↔
Dµψ − mψ¯ψ − bµeµaψ¯γaγ5ψ
)
, (1)
where eµa is the tetrad, e ≡ det eµa, and Dµψ = ∂µψ − iωµψ (Dµψ¯ = ∂µψ¯ + iωµψ¯), with ωµ =
1
4ωµbcσ
bc being the spin connection, and σbc = i2 [γ
b, γc]. Note that, in the term bµe
µ
aψ¯γ
aγ5ψ, we
have the Lorentz-violating coefficient bµ and the CPT-violating operator e
µ
aψ¯γ
aγ5ψ.
In order to obtain the effective action, we must consider the fermionic generating functional
Zψ =
∫
DψDψ¯eiSψ = eiSeff , (2)
so that after we perform the fermionic integration, we get
Seff = −iTr ln
(
i
2
e eµaγ
a
↔
∂µ − em− e bµeµaγaγ5 + e eµaγaωµ
)
, (3)
where Tr stands for the trace over Dirac matrices as well as for the functional trace corresponding
to the integration in momentum and coordinate spaces.
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Throughout this paper, we use the weak field approximation, in which the tetrad and the
connection are expressed in terms of the metric fluctuation hµν as eµa = ηµa +
1
2hµa and ωµab =
1
2(∂bhµa − ∂ahµb) [16]. Thus, we have
Seff = −iTr ln
[
i/∂ −m− /bγ5 − i
4
hµνγ
µ
↔
∂ν +
i
32
(hµν
↔
∂λhρ
ν)γλγργµ
]
. (4)
Then, in order to single out the quadratic terms in hµν within the effective action, we rewrite
the expression (4) as Seff = S
(0)
eff +
∞∑
n=1
S
(n)
eff , where the contribution of an arbitrary n-th order in
the metric fluctuation yields
S
(n)
eff = iTr
1
n
{
1
i/∂ −m− /bγ5
[
i
4
hµνγ
µ
↔
∂ν − i
32
(hµν
↔
∂λhρ
ν)γλγργµ
]}n
. (5)
As our goal is the generation of the gravitational Chern-Simons action, we will single out above
terms of the second order in hµν and first order in bµ. Firstly, let us analyze the term coming from
n = 1, given by
S
(1)
CS = −iTr
1
i/∂ −m/bγ5
1
i/∂ −m
i
32
(hµν
↔
∂λhρ
ν)γλγργµ. (6)
Then, after we carry out the traces over the integration in spaces, we obtain
S
(1)
CS [h] = i
∫
d4xhµν Π
µνρσ
a hρσ, (7)
with
Πµνρσa = −
1
16
tr
∫
d4p
(2π)4
S(p)/bγ5S(p)/∂γ
ργµηνσ, (8)
where the symbol tr means that the trace is only over Dirac matrices and S(p) = (/p−m)−1.
Now, let us consider the terms coming from n = 2, given by
S
(2)
CS =
i
2
Tr
1
i/∂ −m/bγ5
1
i/∂ −m
i
4
hµνγ
µ
↔
∂ ν
1
i/∂ −m
i
4
hαβγ
α
↔
∂ β
+
i
2
Tr
1
i/∂ −m
i
4
hµνγ
µ
↔
∂ ν
1
i/∂ −m/bγ5
1
i/∂ −m
i
4
hαβγ
α
↔
∂ β. (9)
By using the key identity of the derivative expansion approach hµν(x)S(p) = S(p − i∂)hµν(x), in
order to disentangle the traces over xµ and pµ, we arrive at
S
(2)
CS [h] =
i
2
∫
d4xhµν
(
Πµνρσb +Π
µνρσ
c
)
hρσ , (10)
where
Πµνρσb =
1
16
tr
∫
d4p
(2π)4
S(p)/bγ5S(p)γ
µ(2pν − i∂ν)S(p − i∂)γρ(2pσ − i∂σ) (11)
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and
Πµνρσc =
1
16
tr
∫
d4p
(2π)4
S(p)γµ(2pν − i∂ν)S(p− i∂)/bγ5S(p− i∂)γρ(2pσ − i∂σ). (12)
By considering the whole expression for the vacuum polarization tensor, given by Πµνρσ =
Πµνρσa +
1
2Π
µνρσ
b +
1
2Π
µνρσ
c , with i∂µ → kµ, we obtain
Πµνρσ =
1
192π2
[
1 +
12m2
k2
√
4m2
k2
− 1 csc−1
(
2m√
k2
)
− 12m
2
k2
] (
k2ηνσ − kνkσ) ǫµρκλbκkλ, (13)
where we have first calculated the trace over the Dirac matrices and afterwards, integrated over the
momentum pµ and parameter x of the Feynman parametrization. For more details, see [17] for the
tensor Πµνρσa and [5] for the tensors Π
µνρσ
b and Π
µνρσ
c . In these works [5, 17] it was argued that the
divergent term disappears when the zero mass limit is taken. However, now, we are observing that
the divergent contributions cancel each other, so that, finally, we have the general gauge-invariant
expression (13).
By looking again at Eq. (13), we can easily analyze the limits k2 ≪ m2 (m 6= 0) and k2 ≫ m2
(m = 0), so that we get
Πµνρσ = O
(
k2
m2
)
(14)
and
Πµνρσ =
1
192π2
(
k2ηνσ − kνkσ) ǫµρκλbκkλ +O
(
m2
k2
)
, (15)
respectively. Then, we note that the gravitational Chern-Simons term is not generated in the case
of m 6= 0, i.e., for massive fermions.
As we are interested in considering the finite temperature effects, we carry out the Wick rotation
and split the internal momentum pµ into its spatial and temporal components. For this, we take
into account the replacements: ηµν → −δµν , i.e., p2 → −δµνpµpν , and so on,
µ4−D
∫
dDp
(2π)D
→ µ3−d
∫
dd~p
(2π)d
i
∫
dp0
2π
, (16)
and pµ → ~pµ + p0uµ, to separate the integration variables, with ~pµ = (0, ~p) and uµ = (1, 0, 0, 0).
Besides, let us assume from now on the system to be in thermal equilibrium with a temperature
T = β−1, so that the antiperiodic (or periodic) boundary conditions for fermions (or bosons) lead
to discrete values of p0 = (2n+ 1)
π
β (or k0 =
2πl
β ), where n (or l) is an integer.
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Thus, by doing these considerations, after the calculation of the trace in (8), we arrive at:
Πµνρσa =
µ3−d
4β
∑
n
∫
dd~p
(2π)d
ηνσ
(~p 2 + p20 +m
2)2
×
[
(~p 2 + p20 +m
2)ǫµρκλbκkλ + 2 (~p
µ + p0u
µ) ǫρκλγbκkλ (~p γ + p0uγ)
−2 (~p ρ + p0uρ) ǫµκλγbκkλ (~p γ + p0uγ)− 2(~p · ~k + p0k0)ǫµρκλbκ (~pλ + p0uλ)] . (17)
Now, it is convenient to perform the replacement
~pµ~pν → ~p
2
d
(ηµν − uµuν), (18)
because of the symmetry of our integrals. By the same reasons, we can discard the odd power
contributions of ~pµ and p0, so that we can write
Πµνρσa =
µ3−d
4dβ
∑
n
∫
dd~p
(2π)d
ηνσ
(~p 2 + p20 +m
2)2
{
[(d− 6)~p 2 + d(m2 + p20)]ǫµρκλkλbκ
+2(~p 2 − d p20)biǫµρiλkλ
}
, (19)
where we have used the identity
ηµρǫνσαλ − ηνρǫµσαλ − ηλρǫµσνα + ηρσǫµναλ − ηαρǫµνσλ = 0, (20)
to consider
uµǫρκλγbκkλuγ − uρǫµκλγbκkλuγ − k0ǫµρκγbκuγ = −biǫµρiλkλ. (21)
Then, after the integration, the tensor Πµνρσa (k) takes the form
Πµνρσa (k) = A(k,m)η
νσǫµρκλkλbκ +B(k,m)η
νσbiǫ
µρiλkλ, (22)
where the coefficients A(k,m) and B(k,m), carrying out the dependence over the external momen-
tum kµ, the mass m, and the temperature β, in an arbitrary dimension d, are given by
A(k,m) = − Γ
(
1− d2
)
2β(4π)d/2
µ3−d
∑
p0
(p20 +m
2)
d−2
2 , (23a)
B(k,m) =
Γ
(
1− d2
)
4β(4π)d/2
µ3−d
∑
p0
(p20 +m
2)
d−4
2 [(d− 1) p20 +m2]. (23b)
In order to do the above summations, we use the expression [18]
∑
n
[
(n+ b)2 + a2
]−λ
=
√
πΓ(λ− 1/2)
Γ(λ)(a2)λ−1/2
+ 4 sin(πλ)fλ(a, b) (24)
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with
fλ(a, b) =
∫ ∞
|a|
dz
(z2 − a2)λRe
(
1
e2π(z+ib) − 1
)
. (25)
This solution is valid only for λ < 1, aside from the poles at λ = 1/2,−1/2,−3/2, · · · . However,
this restriction can be circumvented if we use the recurrence relation
fλ(a, b) = − 1
2a2
2λ− 3
λ− 1 fλ−1(a, b)−
1
4a2
1
(λ− 2)(λ − 1)
∂2
∂b2
fλ−2(a, b)
once, twice, and so on, until λ is placed in the range of validity.
Then, by using the expression (24), the coefficients A(k,m) and B(k,m) can be rewritten as
A(k,m) = − sin(
πd
2 )µ
3−d
22π2−d/2βd−1
Γ
(
2− d
2
)∫ ∞
|ξ|
dζ[tanh(πζ)− 1](ζ2 − ξ2) d−22
−(m
2)
d−1
2 µ3−d
2(4π)
d+1
2
Γ
(
1− d
2
)
, (26a)
B(k,m) =
sin(πd2 )µ
3−d
23π2−d/2βd−1
Γ
(
2− d
2
)∫ ∞
|ξ|
dζ [tanh(πζ)− 1][(d − 1)ζ2 − ξ2](ζ2 − ξ2) d−42 , (26b)
where ξ = βm2π is an adimensional parameter. Note that A(k,m) has a pole in d→ 3, for m 6= 0.
Therefore, in order to cancel this singularity, as we have observed above in (13), and to com-
plete the calculation, let us focus on the tensors Πµνρσb and Π
µνρσ
c , given by Eqs. (11) and (12),
respectively. To calculate the trace over the Dirac matrices, we first use the ciclic property of the
trace, to move γ5 matrix to the end of the expression, so that finally we obtain
Πµνρσb = −
µ4−D
4
∫
dDp
(2π)D
(2p− k)ν(2p − k)σ
(p2 −m2)2(p21 −m2)
[
(p2 −m2)ǫµρκλbκ(kλ + pλ)
+2
(
pµǫρκλτ bκkλpτ − pρǫµκλτ bκkλpτ − (p · k)ǫµρκλbκpλ
)]
, (27a)
Πµνρσc = −
µ4−D
4
∫
dDp
(2π)D
(2p− k)ν(2p − k)σ
(p2 −m2)(p21 −m2)2
[
(p21 −m2)ǫµρκλbκ(2kλ − pλ)
+2
(
pµ1 ǫ
ρκλτ bκkλpτ − pρ1ǫµκλτ bκkλpτ − (p1 · k)ǫµρκλbκp1λ
)]
, (27b)
where we have considered i∂µ → kµ, and pµ1 = pµ − kµ. This procedure is similar to the one used
in the ’t Hooft-Veltman prescription [19]. By power counting, the terms (p2 −m2)pνpσǫµρκλbκpλ
and (p21−m2)pνpσǫµρκλbκpλ are cubically divergent. These terms are also not transversal, however,
they cancel each other already in the integrand, when we consider Πµνρσb +Π
µνρσ
c . So, the remaining
divergences are at most quadratic, and thus gauge invariance is restored.
However, it is interesting to carry out the separation
(p2 −m2)ǫµρκλbκkλ
(p2 −m2)2(p21 −m2)
=
3
2
(p2 −m2)ǫµρκλbκkλ
(p2 −m2)2(p21 −m2)
− 1
2
(p21 −m2)ǫµρκλbκkλ
(p2 −m2)(p21 −m2)2
,
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in Πµνρσb , in which we can rewrite (27), such that Π
µνρσ
b +Π
µνρσ
c = Π˜
µνρσ
b + Π˜
µνρσ
c , where
Π˜µνρσb = −
µ4−D
4
∫
dDp
(2π)D
(2p− k)ν(2p − k)σ
(p2 −m2)2(p21 −m2)
[
3
2
(p2 −m2)ǫµρκλbκkλ
+2
(
pµǫρκλτ bκkλpτ − pρǫµκλτ bκkλpτ − (p · k)ǫµρκλbκpλ
)]
, (28)
and Π˜µνρσc (k) = Π˜
ρνµσ
b (−k). Thus, we need only to calculate Π˜µνρσb , so that after using the Feynman
parametrization, we have
Π˜µνρσb =
µ4−D
4
∫ 1
0
dx(x− 1)
∫
dDp
(2π)D
[2pν + (2x− 1)kν ][2pσ + (2x− 1)kσ ]
[p2 −m2 − x(x− 1)k2]3
×
{
3[(p + xk)2 −m2]ǫµρκλbκkλ + 4
[
(pµ + xkµ)ǫρκλτ bκkλpτ
−(pρ + xkρ)ǫµκλτ bκkλpτ − (p · k + xk2)ǫµρκλbκ(pλ + xkλ)
]}
. (29)
However, as we focus on finite temperature effects, let us perform the Wick rotation and split the
momentum in the above expression. The result is
Π˜µνρσb =
iµ3−d
4
∫ 1
0
dx(x− 1) 1
β
∑
n
∫
dd~p
(2π)d
{
3[(~p + x~k)2 + p20 +m
2]ǫµρκλbκkλ
+4 [~pµ + (p0 − xk0)uµ + xkµ] ǫρκλγbκkλ [~p γ + (p0 − xk0)uγ ]
−4 [~p ρ + (p0 − xk0)uρ + xkρ] ǫµκλγbκkλ [~p γ + (p0 − xk0)uγ ]
−4[~p · ~k + (p0 − xk0)k0 + xk2]ǫµρκλbκ [~pλ + (p0 − xk0)uλ + xkλ)]
}
× [2~p
ν + (2x− 1)kν + 2(p0 − xk0)uν ][2~p σ + (2x− 1)kσ + 2(p0 − xk0)uσ ]
[~p 2 + (p0 − xk0)2 +m2 + x(1− x)k2]3 . (30)
Now, in order to select the tensorial structures of the above result (30), let us consider the
expressions (18) and
~pµ~p ν~pα~p β → ~p
4
d(d+ 2)
[
(ηµν − uµuν)(ηαβ − uαuβ) + (ηµα − uµuα)(ηνβ − uνuβ)
+(ηµβ − uµuβ)(ηαν − uαuν)
]
, (31)
as well as the identity (20), so that we obtain
Π˜µνρσb = C(k,m)η
νσǫµρκλbκkλ −D(k,m)ηνσbiǫµρiλkλ + E(k,m)kνkσǫµρκλbκkλ
−F (k,m)kνkσbiǫµρiλkλ + [G(k,m) − 2L(k,m)] (kνuσ + kσuν)ǫµρκλbκkλ
+ [H(k,m)− 4D(k,m)] uνuσǫµρκλbκkλ − I(k,m)(kνuσ + uνkσ)biǫµρiλkλ
−J(k,m)uνuσbiǫµρiλkλ +K(k,m)(bνǫµρσλkλ + bσǫµρνλkλ)
+D(k,m)[−(uνbσ + uσbν)ǫµρλτkλuτ + b0(uνǫµρσλkλ + uσǫµρνλkλ)]
+L(k,m)[−(kνbσ + kσbν)ǫµρλτkλuτ + b0(kνǫµρσλkλ + kσǫµρνλkλ)]. (32)
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with
C(k,m) =
Γ
(
1− d2
)
µ3−d
4β(4π)d/2
∑
p0
∫ 1
0
dx (1− x) [(p0 − xk0)2 +M2]d−42 (33a)
×{4 [(p0 − xk0)2 +M2]+ (2− d)xk2} ,
D(k,m) =
Γ
(
1− d2
)
µ3−d
2β(4π)d/2
∑
p0
∫ 1
0
dx (1 − x) [(p0 − xk0)2 +M2] d−42
× [(d− 1)(p0 − xk0)2 +M2] , (33b)
E(k,m) =
Γ
(
3− d2
)
µ3−d
4β(4π)d/2
∑
p0
∫ 1
0
dx (1− 2x)2M2 [(p0 − xk0)2 +M2]d−62 , (33c)
F (k,m) =
Γ
(
2− d2
)
µ3−d
4β(4π)d/2
∑
p0
∫ 1
0
dx (1− x)(1− 2x)2 [(p0 − xk0)2 +M2] d−62
× [(d− 3)(p0 − xk0)2 +M2] , (33d)
G(k,m) =
Γ
(
3− d2
)
µ3−d
2β(4π)d/2
k2
∑
p0
∫ 1
0
dx (1− x)x(2x − 1)(p0 − xk0)
[
(p0 − xk0)2 +M2
] d−6
2 ,
H(k,m) =
−Γ (2− d2)µ3−d
2β(4π)d/2
k2
∑
p0
∫ 1
0
dx (1− x)x [(p0 − xk0)2 +M2] d−62
× [(d− 3)(p0 − xk0)2 +M2] , (33e)
I(k,m) =
Γ
(
2− d2
)
µ3−d
2β(4π)d/2
∑
p0
∫ 1
0
dx (1− x)(1− 2x)(p0 − xk0)
[
(p0 − xk0)2 +M2
]d−6
2
× [(d− 1)(p0 − xk0)2 + 3M2] , (33f)
J(k,m) =
µ3−d
2β(4π)d/2
∑
p0
∫ 1
0
dx (x− 1)
{
3Γ
(
1− d
2
)[
(p0 − xk0)2 +M2
] d
2
−1
−12Γ
(
2− d
2
)
(p0 − xk0)2
[
(p0 − xk0)2 +M2
] d
2
−2
+4Γ
(
3− d
2
)
(p0 − xk0)4
[
(p0 − xk0)2 +M2
] d
2
−3
}
, (33g)
K(k,m) =
Γ
(
1− d2
)
µ3−d
2β(4π)d/2
∑
p0
∫ 1
0
dx (1− x) [(p0 − xk0)2 +M2] d−22 , (33h)
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L(k,m) =
Γ
(
2− d2
)
µ3−d
2β(4π)d/2
∑
p0
∫ 1
0
dx (1 − x)(1− 2x)(p0 − xk0)
[
(p0 − xk0)2 +M2
] d−4
2 , (33i)
where M2 = m2 − x(x − 1)k2. Note that, in the zero temperature and mass limit, i.e., if the
summation over integer n is replaced by the integral 12π
∫
dp0 and m→ 0, we obtain C = − k2192π2 =
−Ek2 and D = 0 = F = G = H, which matches the known zero-temperature result (15) [5]. In
order to further simplify the above equations, we can make the change of variables p0 → p0 + xk0
(actually, one should, first, do this change of variables, and then, introduce the discrete p0), which
allows to rule out the dependence on k0, except in M .
Now, by manipulating these expressions (33), we found the relations
k2G(k,m) + k0H(k,m) = 2k0D(k,m), (34a)
k2I(k,m) + k0J(k,m) = 0, (34b)
k2L(k,m) + k0D(k,m) = 0, (34c)
k2F (k,m) + k0I(k,m) = −D(k,m) +B(k,m), (34d)
C(k,m) + k2E(k,m) + k0G(k,m) = 2k0L(k,m)−A(k,m), (34e)
where the functions A(k,m) and B(k,m) were already defined in (23). From these relations, the
tensor (32) can be rewritten as follows:
Π˜µνρσb = C(k,m)
(
ηνσ − k
νkσ
k2
)
ǫµρκλbκkλ −D(k,m)
(
ηνσ − k
νkσ
k2
)
biǫ
µρiλkλ
−A(k,m)k
νkσ
k2
ǫµρκλbκkλ −B(k,m)k
νkσ
k2
biǫ
µρiλkλ
+ [H(k,m)− 4D(k,m)]
(
k0
k2
kν − uν
)(
k0
k2
kσ − uσ
)
ǫµρκλbκkλ
−J(k,m)
(
k0
k2
kν − uν
)(
k0
k2
kσ − uσ
)
biǫ
µρiλkλ +K(k,m)(b
νǫµρσλkλ + b
σǫµρνλkλ)
+D(k,m)[−(uνbσ + uσbν)ǫµρλτkλuτ + b0(uνǫµρσλkλ + uσǫµρνλkλ)]
−D(k,m)k0
k2
[−(kνbσ + kσbν)ǫµρλτkλuτ + b0(kνǫµρσλkλ + kσǫµρνλkλ)], (35)
where the structures
(
gνσ − kνkσ
k2
)
and
(
k0
k2
kν − uν
)
are gauge invariant. In fact, only the mass
dependent term, k
νkσ
k2
, is not gauge invariant, however, when we collect all contributions to the
vacuum polarization tensor, given by Πµνρσ = Πµνρσa +
1
2Π
µνρσ
b +
1
2Π
µνρσ
c = Π
µνρσ
a + Π˜
µνρσ
b , we
can easily observed the gauge invariance in Πµνρσ . Thus, by dropping the last three terms, which
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evidently do not contribute to the gravitational Chern-Simons term, we have
Πµνρσ = [A(k,m) +C(k,m)]
(
ηνσ − k
νkσ
k2
)
ǫµρκλbκkλ
+ [B(k,m)−D(k,m)]
(
ηνσ − k
νkσ
k2
)
biǫ
µρiλkλ
− [4D(k,m)−H(k,m)]
(
k0
k2
kν − uν
)(
k0
k2
kσ − uσ
)
ǫµρκλbκkλ
−J(k,m)
(
k0
k2
kν − uν
)(
k0
k2
kσ − uσ
)
biǫ
µρiλkλ. (36)
In the above coefficients, if we return to the p0 integral, i.e.,
1
β
∑
p0
→ 12π
∫
dp0, after the calculation,
we obtain exactly the result (13), as expected. We note that, unlike the previous papers [12, 13, 20,
21], where massless chiral fermions were considered, we carry out our calculations for a completely
arbitrary spinor.
Now, let us show explicitly the cancellation of the singularity between the coefficients A(k,m)
and C(k,m), as implicitly observed in (13). As the divergent term is only mass-dependent (see
second term of (26a)), we first take into account k0 = 0 in Eq. (33a), and then, by evaluating the
summation over p0, we obtain
C(k,m)|k0=0 =
Γ
(
1−d
2
)
µ3−d
4(4π)
d+1
2
∫ 1
0
dx
(
M2
)d−3
2
[
(3− d)M2 + (d− 1)m2]+ sin
(
πd
2
)
Γ
(
2−d
2
)
µ3−d
8π2−
d
2βd−1
×
∫ ∞
|ξ′|
dζ [tanh(πζ)− 1](ζ2 − ξ′2) d2−2[2(ζ2 − ξ′2) + (d− 2)(ξ′2 − ξ2)], (37)
where ξ′ = βM2π . Now, in order to single out the pole part (PP ) of the above expression, let us
finally consider ~k → 0, so that we get
PP [C(0,m)] =
(
m2
) d−1
2 µ3−d
2(4π)
d+1
2
Γ
(
1− d
2
)
, (38)
which precisely cancels the pole part of the coefficient A(0,m). Therefore, we are seeing that Πµνρσ
(36) is finite even when the mass is taken into account.
Our next step is to calculate the coefficients (33), by considering, in the coefficients accompa-
nying k2 and T 2, the static limit (k0 = 0, ~k → 0), which is the one used to obtain the anomalous
conductivities (i.e., the chiral vortical conductivity) in Weyl semimetals (m = 0) [22]. Furthermore,
if we do not take into account these conditions, additional term with five and more derivatives will
arise. Then, by using these considerations, we can evaluate the coefficients (33), as follows:
A = − sin(
πd
2 )µ
3−d
22π2−d/2βd−1
Γ
(
2− d
2
)∫ ∞
0
dζ[tanh(πζ)− 1]ζd−2
=
T 2
48
, (39a)
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B = (d− 1) sin(
πd
2 )µ
3−d
23π2−d/2βd−1
Γ
(
2− d
2
)∫ ∞
0
dζ [tanh(πζ)− 1]ζd−2.
= −T
2
48
, (39b)
C =
Γ
(
1
2 − d2
)
µ3−d
4(4π)(d+1)/2
∫ 1
0
dx (5 − 4x− d) (M2) d−12 + β1−dΓ
(
1− d2
)
µ3−d
2π(4−d)/2
sin
(
πd
2
)
×
∫ 1
0
dx (1− x)
∫ ∞
0
dζ [tanh(πζ)− 1] (ζ2) d2−1
= − k
2
192π2
− T
2
48
, (39c)
D =
β1−dΓ
(
1− d2
)
µ3−d
4π2−
d
2
(d− 1) sin
(
πd
2
)∫ 1
0
dx (1− x)
∫ ∞
0
dζ (tanh(πζ)− 1) (ζ2)d2−1
= −T
2
48
, (39d)
H =
Γ
(
1− d2
)
µ3−d
8(4π)
d
2
−1
sin
(
πd
2
)(
β
2π
)3−d
k2
∫ 1
0
dxx(1 − x)
∫ ∞
0
dζ ζd−2 tanh(πζ)sech2(πζ)
= 0, (39e)
J =
β3−dΓ
(
1− d2
)
µ3−d
8π2−
d
2
sin
(
πd
2
)
k2
∫ 1
0
dx (1 − x)2 x
∫ ∞
0
dζ tanh(πζ)sech2(πζ)ζd−2
+
(1− d2)β1−dΓ (1− d2)µ3−d
4π2−
d
2
sin
(
πd
2
)∫ 1
0
dx (1 − x)
∫ ∞
0
dζ (tanh(πζ)− 1)ζd−2
=
T 2
12
. (39f)
Thus, for Eq. (36), we obtain
Πµνρσ = − k
2
192π2
(
ηνσ − k
νkσ
k2
)
ǫµρκλbκkλ +
T 2
12
(
k0
k2
kν − uν
)(
k0
k2
kσ − uσ
)
b0ǫ
µρκλuκkλ. (40)
We note that the above term uνuσb0ǫ
µρκλuκkλ, with the coefficient
T 2
12 , is the one that contributes
to the chiral vortical conductivity, which was obtained in Refs. [20, 21], in the context of Kubo
formulation and derivative expansion. However, as we can see, our result (40) is a general one,
gauge invariant, and finite.
By returning to the coordinate space, through the replacement kµ → i∂µ, we have
SCS[h] =
∫
d4xhµν
[
− 1
192π2
ǫµρκλbκ∂λ (hρ
ν − ∂ν∂σhρσ)
−T
2
12
b0ǫ
µρκλuκ∂λ
(
∂0∂
ν

− uν
)(
∂0∂
σ

− uσ
)
hρσ
]
. (41)
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We note that the nonlocality of our result is a price we pay for the gauge invariance. The similar
situation was found to occur for the one-derivative term in [17].
It is instructive to compare the four-dimensional gravitational Chern-Simons term with the two-
dimensional one. As it is well known, see f.e. [23], the two-dimensional gravitational Chern-Simons
term is known to have the form
S2D = − 1
8π2
∫
d2x
√
|g|(fr + f3) = 1
4π
∫
d2xΘf, (42)
where f = ǫµνfµν , ǫ
01 = 1, and fµν = ∂µaν − ∂νaµ =
√
|g|ǫµνf . The Θ is the Chern-Simons
coefficient.
Let us proceed along the lines developed in [24]. First, we choose Θ = xαbα, where bα is a
constant vector implementing the Lorentz symmetry breaking. Then, we have
S2D =
1
2π
∫
d2xxαbαǫ
µν∂µaν . (43)
Now, we integrate by parts and disregard the superficial term, so that we arrive at
S2D = − 1
2π
bµǫ
µνAν . (44)
Here, we have the new vector Aν =
∫
d2xaν . It is constant since the coordinate dependence is
integrated out. However, in our theory there is only one privileged direction, that is, the bν vector,
which requires Aν = λbν . But in this case our Chern-Simons term identically disappears, so, for
the Lorentz symmetry breaking of this form, the two-dimensional gravitational Chern-Simons term
is equal to zero. This result can be confirmed by direct calculations of Eq. (10), in two dimensions,
as well. The Eq. (7) is not considered, because in two dimensions the spin connection ωµ vanishes.
Let us discuss our results. We proved that the four-dimensional gravitational Chern-Simons
term turns out to be finite (13), despite the initial expression for it strongly (cubically) diverges.
We also found that differently from the previous papers studying gravitational anomalies at finite
temperature [12, 13, 20, 21], our result (36) is obtained for the presence of one fermion only, and
it is generic, without any restrictions for the spinor fields, while in these references the spinors are
suggested to be massless and chiral. Differently from these papers, we started from the action with
the explicit Lorentz symmetry breaking, considered the coupling of fermion to the gravity only, and
carried all calculations explicitly with use of the Matsubara frequencies methodology, without use
the derivative expansion. Also, we noted that our result (40) for the gravitational Chern-Simons
term was obtained in the zero mass limit, however, for the non-zero mass case the gauge symmetry
is observed as well (see Eq. (36)). Then, we can conclude that our result is consistent with the
12
previous studies. It is necessary to note that, unlike many other finite temperature studies, our
result displays very simple temperature dependence, which moreover monotonously grows with the
temperature. This can indicate that our theory is probably an effective one for the low-temperature
regime, while the whole temperature range should be described by a more involved theory.
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